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Abstract
We consider the unitarity of the S-matrix for linearized General Relativity coupled to
particle physics models. Taking renormalization group effects of the Planck mass into
account, we find that the scale at which unitarity is violated is strongly dependent on
the particle content of the theory. We find that the requirement that the S-matrix be
unitary up to the scale at which quantum gravitational effects become strong implies
a bound on the particle content of the model.
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General Relativity is remarkably successful on macroscopic scales and it describes all
observations and experiments performed on distances from cosmological scales to distances
of 10 µm, see e.g. [1] for a review. More experiments are planned to probe General Relativity
on yet shorter scales studying deviations of Newton’s potential while the Large Hadron
Collider will probe gravity in the TeV region [2]. Within conventional physics, one does not
expect deviations of General Relativity before one reaches energy scales close to the Planck
scale or some 1019 GeV. One expects that at this energy scale, quantum gravitational effects
will become relevant. However, it is notoriously difficult to make sense of General Relativity
once second quantization effects are taken into account. In particular the quantum field
theory obtained by linearizing the Einstein-Hilbert action is not renormalizable, at least in a
perturbative manner. Nevertheless, General Relativity at the quantum level can be treated
as an effective field theory (see e.g. [3]). In this letter we shall focus on the the coupling of
gravity to matter and we will investigate whether the corresponding linearized theory leads
to a unitary S-matrix.
A similar study has already been performed by Han and Willenbrock [4]. Although
we agree with their calculations for the tree level amplitudes, we shall push the discussion
further taking the renormalization group evolution of Newton’s constant into account which
turns out to be crucial in order to interpret the results correctly. We point out that it is
important to compare the scale at which unitarity is violated to the scale at which quantum
gravity effects become strong. The true scale for strong quantum gravitational effects can
be determined dynamically using the renormalization group equation of Newton’s constant.
This enables us to derive a bound on the particle content of the particle physics model
coupled to linearized General Relativity. The consequences for these models are discussed.
We shall start from the usual four dimensional Einstein-Hilbert action coupled to real
scalar fields, Weyl fermions and vector fields treating them as massless particles
S[g, φ, ψ, Aµ] = −
∫
d4x
√− det(g)
(
1
16piGN
R +
1
2
gµν∂µφ∂νφ+ ξRφ
2+ (1)
+eψ¯iγµDµψ +
1
4
FµνF
µν
)
where e is the tetrad, Dµ = ∂µ + w
ab
µ σab/2 and w
ab
µ is the spin connection which can be
expressed in terms of the tetrad. This action can be linearized using gµν = ηµν+
√
2hµν/M¯P+
O(M¯−2P ), where the scale, i.e the reduced Planck mass, appearing in this expansion is fixed
by the requirement that the kinetic term of the graviton be canonically normalized. One
obtains the following Lagrangian
L = −1
4
hµνhµν +
1
4
hh− 1
2
hµν∂µ∂νh+
1
2
hµν∂µ∂αh
α
ν −
√
2
M¯P
hµνTµν +O(M¯−2P ) (2)
1
where T µν is the energy-momentum tensor corresponding to the matter content of the theory.
This action can be regarded as an effective action valid up to M¯P ∼ 2.43 × 1018 GeV.
Traditionally one expects that gravitational interactions become strong above this energy
scale and the metric should not be linearizable at higher energies. In that sense we can
consider that linearized General Relativity is an effective theory valid up to an energy scale
corresponding to the reduced Planck mass.
One of the key consistency checks for an effective theory is that its S-matrix be unitary
up to the scale where its description is assumed to hold. As in [4], we study the gravitational
scattering at tree level of the real scalars s, Weyl fermions ψ and vector bosons V included in
the particle physics model under consideration. As they have done we restrict ourselves to the
case where initial and final states consist of different particles. This simplifies the calculations
tremendously since only s-channels need to be considered. We have calculated the amplitudes
for the different processes. Our results can be found in table 1 and agree with those obtained
in [4]. The partial wave amplitudes aJ can be determined using A = 16pi
∑
J(2J +1)aJd
J
µ,µ′.
→ s′s¯′ ψ′+ψ¯′− ψ′−ψ¯′+ V ′+V ′− V ′−V ′+
ss¯ −2piGNs(1/3d20,0 − 1/3(1 + 12ξ)2d00,0) −2piGNs
√
1/3 d20,1 −2piGNs
√
1/3 d20,−1 −4piGNs
√
1/3 d20,2 −4piGNs
√
1/3 d20,−2
ψ+ψ¯− −2piGNs
√
1/3 d21,0 −2piGNsd21,1 −2piGNsd21,−1 −4piGNs d21,2 −4piGNs d21,−2
ψ−ψ¯+ −2piGNs
√
1/3 d2
−1,0 −2piGNsd2−1,1 −2piGNsd2−1,−1 −4piGNs2 d2−1,2 −4piGNs2 d2−1,−2
V+V− −4piGNs
√
1/3 d22,0 −4piGNs d22,1 −4piGNs d22,−1 −8piGNs d22,2 −8piGNs d22,−2
V−V+ −4piGNs
√
1/3 d2
−2,0 −4piGNs d2−2,1 −4piGNs d2−2,−1 −8piGNs d2−2,2 −8piGNs d2−2,−2
Table 1: Scattering amplitudes for real scalars, fermions, and vector bosons via s-channel
graviton exchange in terms of the Wigner d functions [5]. GN = 1/M
2
P is Newton’s constant
and s = E2CM is the center of mass energy squared. We have used the helicity basis as in [4]
As is well known, the S-matrix is unitary if |Re aJ | ≤ 1/2. Looking at the J = 0 amplitude
we can deduce the first new result. If we request that the effective action remains valid up
to the reduced Planck mass, i.e. we set
√
s = M¯P , we obtain the following bound on the
non-minimal coupling of the scalar field to the Ricci scalar:
− 4
√
6piNS +NS
12NS
≤ ξ ≤ 4
√
6piNS −NS
12NS
. (3)
In the standard model there is one Higgs doublet and hence four real scalars. Thus NS = 4
and we find −0.81 ≤ ξ ≤ 0.64 numerically. Note that the conformal value, ξ = −1/12 =
−0.083, is within this range and that in the limit NS →∞, ξ is forced to take the conformal
value. If the model under consideration is to be valid up to the reduced Planck mass, the
parameter ξ needs to be rather small and is theoretically very tightly constrained. Clearly
this casts some serious doubts on the validity of certain inflationary models such as, for
example, the model proposed in [6] where the Higgs boson plays the role of the inflaton,
see also [7] where a similar observation was made. The model [6], although beautiful and
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minimalistic, requires some new physics below the reduced Planck mass to fix the unitarity
problem.
Let us now look at the J = 2 partial wave. Using the standard trick, as done in [4,8], we
can apply the unitarity bound to the scattering of a superposition of states. The J = 2 partial
wave amplitude for the gravitational scattering of a state |
√
1/3
∑
ss+
∑
ψ−ψ¯++2
∑
V V 〉
is given by
a2 = − 1
320pi
s
M¯2P
N (4)
with N = 1/3NS + Nψ + 4NV , where NS, Nψ and NV are respectively the number of
real scalar fields, Weyl fermions and vector bosons in the model under consideration. The
unitarity bound |Re a2| ≤ 1/2 implies a violation of unitarity of the S-matrix for center of
mass energies ECM > M¯P
√
160pi/N .
Naively, it seems that in particle physics models with a large number of fields the unitarity
of the S-matrix could be violated at energies below the reduced Planck mass. However, there
is a physical effect which has not been included in [4] which has deep consequences for this
study. It has been pointed out [10, 11] that a large number of fields in a particle physics
model can lead to a sizable running of the Planck mass. The N fields introduced in the
theory will renormalize the graviton propagator. The renormalization group equation for
the reduced Planck mass reads [10, 12–14]:
M¯P (µ)
2 = M¯P (0)
2 − 1
96pi2
µ2Nl (5)
with Nl = NS +Nψ − 4NV and where µ is the renormalization scale. The true energy scale
µ∗ at which quantum gravity effects are large is one at which
M¯2P (µ∗) ∼ µ2∗. (6)
This condition implies that fluctuations in spacetime geometry at length scales µ−1
∗
will be
unsuppressed. One finds
µ2
∗
=
M¯P (0)
2
1 + Nl
96π2
. (7)
We can now trivially recalculate the amplitudes using our renormalization group im-
provement and find that the energy scale E⋆CM =
√
s⋆ at which unitarity is violated is given
by
E⋆CM = M¯P (E
⋆
CM)
√
160pi
N
(8)
where we have evaluated the Planck mass at the energy scale corresponding to the center of
mass energy. The new criteria for the consistency of the linearized theory is the following: If
3
the scale at which gravity effects become strong is larger than the energy at which unitarity
is violated, i.e. µ⋆ > E
⋆
CM then linearized General Relativity coupled to the particle physics
model under consideration is inconsistent, on the other hand for µ⋆ ≤ E⋆CM, the theory is
well-behaved up to energies µ⋆ and the effective theory is consistent. This is our central
result. In terms of particle content, the criteria for the unitarity of the S-matrix up to the
scale of strong gravity becomes
N =
1
3
NS +Nψ + 4NV ≤ 160pi. (9)
Note that the bound on N is the same as the one obtained at tree level. However, the
requirement for a model to be consistent is different in this new derivation. The two bounds
coincide because we require that the true reduced Planck mass is the scale at which quantum
gravitational effects become strong and not the Planck mass itself. Indeed, the reduced
Planck mass appears in equation (6) and not the Planck mass. This is consistent with our
previous observation that the expansion parameter for the metric is the reduced Planck
mass and not the Planck mass. The true reduced Planck mass itself depends on radiative
corrections which turn out to be the same as those of the tree level scattering cross-sections.
The requirement of having a solution to the equation (6) which fixes dynamically the true
Planck mass leads to the bound Nl ≥ −96pi2 which is weaker than the bound (9). Models
with a more negative Nl do not lead to strong gravitational effects in which case gravity
remains weak at all scales.
Using the same criteria as for the J = 2 partial wave bound, one can obtain a second
bound from the J = 0 partial wave. This leads to a bound on the numbers of scalars:
NS ≤ 96pi. (10)
We assumed that ξ = 0, i.e., that the scalar fields are minimally coupled to gravity. As we
shall see, this second bound turns out, in most cases, to be more restrictive than the J = 2
bound for grand unified theories. The solution to the two inequalities (9) and (10) is plotted
in figure (1).
In the standard model one has NS = 4, Nψ = 45 and NV = 12 and one finds N = 283/3,
Nl = 1 which implies E
⋆
CM = 2.3 M¯P (0) and µ⋆ ∼ M¯P (0). Linearized General Relativity
coupled to the standard model is thus a valid effective theory up to the reduced Planck mass.
In the minimal supersymmetric Standard Model one has NS = 98, Nψ = 61 and NV = 12
and one finds N = 425/3, Nl = 111 and thus E
⋆
CM = 1.6 M¯P (0) and µ⋆ ∼ 0.95 M¯P (0).
One could be worried that in models with a larger particle content the theory could become
inconsistent below the reduced Planck mass. This strongly depends on the particle content.
For example SO(10) with a 10, 16 and 45 representations for the Higgs bosons leads to
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N = 781/3, NS = 97 and Nl = −35. Our criteria implies that the corresponding effective
theory is consistent. On the other hand in grand unified SUSY SO(10) with Higgs bosons in
the 10, 16, 16 and 770 representations one finds N = 4975/3, NS = 1720, Nl = 2445 and
E⋆CM = 0.41 M¯P (0) and µ⋆ ∼ 0.53 M¯P (0) which implies that the linearized effective theory is
inconsistent. The same holds for the model proposed in [10] where a hidden sector with 1032
particles of spin 0 and/or 1/2 leads to a reduced Planck mass at 1 TeV, we find that unitarity
is violated below this energy scale since both bounds are not fulfilled. Table 2 gives several
more examples of models that pass or do not pass the tests. Note that supersymmetric
models typically have more scalars and thus often face difficulties with unitarity below the
scale at which quantum gravitational effects become strong.
particle physics model Nl N NS J=2 bound J=0 bound
standard model 1 283/3 4 yes yes
MSSM 111 425/3 98 yes yes
SU(5) w/ 5, 24 −17 457/3 34 yes yes
SU(5) w/ 5, 200 159 211 210 yes yes
SU(5) w/ 5, 24, 75 58 532/3 109 yes yes
SU(5) w/ 5, 24, 75, 200 258 244 309 yes no
SO(10) w/ 10, 16, 45 −35 781/3 97 yes yes
SO(10) w/ 10, 16, 210 130 946/3 262 yes yes
SO(10) w/ 10, 16, 770 690 502 822 yes no
SUSY-SU(5) w/ 5, 5, 24 165 755/3 158 yes yes
SUSY-SU(5) w/ 5, 5, 24, 75 390 1130/3 308 yes no
SUSY-SU(5) w/ 5, 5, 200 693 545 510 no no
SUSY-SO(10) w/ 10, 16, 16, 45, 54 432 540 378 no no
SUSY-SO(10) w/ 10, 16, 16, 210 765 725 600 no no
SUSY-SO(10) w/ 10, 16, 16, 770 2445 4975/3 1720 no no
Table 2: We consider different unification models which have been considered in the liter-
ature. Clearly models with large representations lead to unitarity problems. The last two
columns are describing whether a given model passes the unitarity bound of the J = 2
(N = 1
3
NS +Nψ + 4NV ≤ 160pi) and J = 0 (NS ≤ 96pi) partial waves.
Another extreme case of a model which suffers from a unitarity problem is the following.
Consider a large hidden sector of particles of spin 1 coupled to the standard model only
gravitationally. The renormalization of the reduced Planck mass (5) implies that the Planck
mass increases with energy in that model while the scale at which unitarity is violated
decreases with the number of spin 1 fields in the theory leading to a collapse of the effective
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Figure 1: NS is plotted on the x-axis while Nψ is plotted on the y-axis and NV is plotted
on the z-axis. The parameter space that is compatible with unitarity of the S-matrix up to
the true scale at which quantum gravity becomes strong is the colored region.
theory description. A caveat is that the renormalization of Newton’s constant due to the
graviton has not been included in our calculation. It is known that the graviton’s contribution
has the same sign as that of the spin 1 particle [15]. It is however likely to be a small effect.
In particular, in models with a large number of fields, the graviton contribution to the
renormalization of the Planck mass is a 1/Nl effect.
Our results have interesting consequences for models of unification of General Relativity.
For example in asymptotically safe gravity [16], the expansion parameter for the higher
dimensional operators needs to be the reduced Planck mass ∼ µ⋆ and not the Planck mass:
S[g] = −
∫
d4x
√
− det(g)
(
−Λ(µ)4 + M¯P (µ)
2
32pi
R + a(µ)RµνR
µν + b(µ)R2 (11)
+
c(µ)
µ2⋆
R3 +
d(µ)
µ2⋆
RRµνR
µν + ....
)
where Λ(µ) is the running cosmological constant. This action reduces to (2) once linearized.
As we have seen the standard model would not lead to a consistent effective theory if one
expanded into the Planck mass instead of the reduced Planck mass, as unitarity would
be violated at about 1/2MP . Furthermore, this scenario is only viable for particle physics
models with a particle content that fulfills the bound (9), since in that case linearized General
Relativity is a valid effective theory up to the energy scale at which quantum gravity effects
become relevant.
In models that do not satisfy the bound (9), there is, as we have seen, a violation of
unitarity below the reduced Planck. A solution could come from embedding these models
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into string theory where the string scale appears as a new parameter. In these models, the
Planck mass is related to the string scale Ms and the extra-dimensional volume V6 via the
relation M2P = 1/g
2
sM
8
s V6 where gs is the string coupling constant. In this framework it
is possible to decouple the gravitational scale from the string scale by adjusting the string
coupling. An extreme example is that of little string theory in the TeV region [17,18] which
requires gs ∼ 10−16. If the string scale is lower than the Planck mass, non-local effects
associated with the stringy nature of the particles could solve the unitarity problem.
Finally note that the effect of the renormalization of the Planck mass also affects the
bound we have obtained earlier for the coefficient of the non-minimal coupling of a scalar
field to the Ricci scalar. Unitarity should hold up to µ⋆ and not just M¯P . We thus find
again that the unitarity limit is very sensitive to the particle content of the particle physics
model.
Conclusions: We have reconsidered the unitarity of the S-matrix for linearized General
Relativity coupled to models of particle physics taking into account for the first time the
renormalization of the Planck mass. We derive a bound on the particle content of the particle
physics models coupled to General Relativity. Our results have significant implications for
models trying to unify General Relativity with models of particle physics. In the case of the
standard model and the minimal supersymmetric standard model and more generically in
models satisfying our bound, linearized General Relativity offers a theoretically consistent
effective theory since there is no violation of unitarity below the reduced Planck mass which is
the expansion parameter of the effective theory. If nature is described by one of these particle
physics models, the fundamental theory of quantum gravity could be General Relativity itself
which could be renormalizable at the non-perturbative level, i.e. asymptotically safe gravity,
as proposed by Weinberg some thirty years ago [16]. In particle physics models which do
not satisfy the bound (9), one finds that the unitarity of the S-matrix is violated at an
energy scale below the reduced Planck mass. An extreme case example would be that of
asymptotically free gravity. Our results imply that asymptotically free gravity is inconsistent.
In less extreme cases, the cure could come from embedding models that do not satisfy the
bound into a non local theory of quantum gravity.
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